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1. Introduction 
Let G be a finite graph. We regard G as a topological space. A continuous map f : G + M 
from G to a Riemannian manifold M is called polygonal if there is a subdivision G’ of G such 
that G’ has no loops and multiple edges and f maps each edge of G’ homeomorphically onto 
a geodesic segment of M. Then we say that the subdivision G’ is linear with respect to f. FOI 
adjacent edges ei and ej of G’ let B(f, ei , ej) be the angle of the geodesic segments f (ei ) and 
J‘(ej) at f(ei fl ej) satisfying 0 < /3(f, ei, ej) < TC. We set 
a(f, ei, ej> = n - B(f, ei, ej> 
and call it the curvature of f at (ei, ej). Let u = ei fl ej be a vertex of G’. Then we also call 
w(f, ei, ej) a curvature of f at u. Therefore if there are m edges of G’ incident to u then there 
are m(m - 1)/2 curvatures of f at V. Then the total curvature of f is defined by 
where the summation is taken over all unordered pairs of adjacent edges of G’. 
Let E” be the n-dimensional Euclidean space with standard metric. We consider E” as a vector 
space, too. We denote the unit sphere in E” by S”-’ . For a unit vector u E S”-’ , let pLc : E” + E ’ 
be the projection defined by pu (x) = x . u where . means the inner product. Let f : G -+ E” be 
a polygonal map. Then A,, c S"-' is defined by 
Aj. = {u E S”-’ ) pu o f : G -+ E1 is not a polygonal map} 
where pu o f is the composition of f and pL4. It is clear that Af is the intersection of S”- ’ 
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and the union of (n - 1)-dimensional subspaces of En each of which is orthogonal to the line 
(= l-dimensional affine subspace) that contains the line segment f(e) for some edge e of G’. 
Therefore the volume vol(S”-’ - A,) = vol(S”-‘). Then the following theorem is a generaliza- 
tion of Milnor’s result [6, Theorem 3.13. 
Theorem 1.1. Let f : G --+ E” be a polygonal map. Then 
1 
r(f) = 
s vol(Y) S”-‘-Af 
r(pu 0 f) du. 
In this section we will give main results of this paper as follows. We will show that there are 
nonnegative integers K (G) and dim(G) of a graph G such that t (f ) 3 n K (G) for any polygonal 
map f : G -+ E”, and if t(f) = TK (G) then f(G) is contained in a dim(G)-dimensional 
affine subspace of En. Then we will give characterizations of f : G + En with t(f) = ITK (G) 
and decide dim(G) for G the closed interval, the circle, the complete bipartite graph Kt,,, the 
theta curve graph Q, and the wheel graph W,,, .
It follows from the definition that the total curvature of a polygonal map f from G to E’ is a 
multiple of n. The curvature index of G is defined by 
K(G) = min{t(f)/n 1 f : G + E’ is a polygonal map}. 
Then the following corollary is an immediate consequence of Theorem 1.1. 
Corollary 1.2. For any polygonal map f : G + E”, t(f) > rc~(G). 
A polygonal map f : G -+ E” is called$at if t(f) = JTK (G). Since Af is a closed subset of 
S”-’ and t(pU o f) is locally constant on S”-’ - A,, Theorem 1.1 implies: 
Proposition 1.3. A polygonal map f : G + E” is$at ifand only ifpU o f : G + E1 isflatfor 
allu E S”-’ -A f* 
The following lemma is essentially the same as [6, Corollary 1.21, and essentially follows from 
the triangle inequality for spherical triangles, cf. [6]. 
Lemma 1.4. Let f : G + En be a polygonal map and G’ a subdivision of G that is linear with 
respect o f. Let e be an edge of G and el, e2, e3 edges of G’ such that e > el U e2 U e3 and e2 
is adjacent only to el and e3. Let si and si+l be the endpoints of the line segment f (e;) such that 
f (ei fl ej+l) = si+l. Suppose that one of the following conditions holds: 
(1) f(el)uf(e2)uf( e3 ) is non-planar, i.e., no plane (= 2-dimensional affine subspace) in E” 
contains f (el) U f (e2) U f (ej). 
(2) a(f, el, e2) = n and0 -C o(f, e2, e3) < n. 
(3) 0 < a(f, el, e2) -C X, 0 < o(f, e2, e3) < n, f (el) U f (e2) U f (es) isplanar, sl # s4 and 
f (el) U f (e2) U f (e3) U ~74 is not a convex quadrangle on the plane where St means the 
line segment with end points s and t. 
Then there is a polygonal map g : G + E” that is identical to f except on el U e2 U e3 such that 
r(g) < t(f). 
Proof. Let to be an interior point of the line segment f (e3). Let g : G + En be a polygonal 
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map that is different from f only on Q and e3 such that g maps e2 (resp. e3) homeomorphically 
onto the line segment szta (resp. tasq). Then we have t(f) > t(g) for the cases (1) and (2). The 
case (3) is shown by a similar construction. q 
Let f : G -+ E” be a polygonal map. Let e be an edge of G. Let u and u’ be the vertices of G 
that are incident to e (possibly I_I = v’). The restriction map f Ip is called type A if there is a line that 
contains f(e). Moreover fle is called type Al if f Ic is type A and t(f]<,) = 0, i.e., the restriction 
f‘ Ic is injective, i.e., f maps e homeomorphically onto a line segment. The restriction f le is called 
type A2 if fle is type A and r(fle) = n, i.e., there is a subdivision e = et U e2 of e such that 
both flc, and flez are injective but fle is not injective. The restriction fir is called type A3 if ,flc, 
is type A and there is a subdivision e = el U ez U e3 with el fl ei = !8 or el f? e3 = u = u’ such 
that both flP, and flelUeJ are injective but both f IrlUp2 and fleZUe7 are not injective. We remark 
that t(fle) = 2n if fir is type A3 but f Ip is type A and t(flr) = 21r does not imply that f’l(, 
is type A3. The restriction fir is called type B if no line contains f(e) but there is a plane P that 
contains f(e). Moreover f le is called type BI if f le is type B, f(v) # f(d), f Ic is injective. 
and f(e) U .f(u)f ( > -7 IS a convex polygon on P. The restriciton f Iy is called type B2 if ,f](, is 
type B, f (u> = f (u’), f Ir-tv) is injective and f(e) is a convex polygon on P. 
The following is a corollary of Lemma 1.4. 
Corollary 1.5. Let f : G --+ E” be aflat map and e an edge of G. Then the restriction ,f It. is 
one of type Al, type A2, type A3, type Bl or type B2. 
The dimension of a polygonal map f : G + E”, denoted by dim( f j, is the dimension of the 
minimal affine subspace of E” that contains f(G). The curvature dimension of G is defined by 
dim(G) = max{dim(f) I f : G --+ E” is a flat map, n is a natural number). 
We remark here that n is not fixed. Let V(G) (resp. E(G)) be the set of the vertices (resp. edges:! 
of G. Then it is clear that dim( f I V(G)) < #V(G) - 1 where #means the number of the elements 
By Corollary 1.5 we have dim( f le) 6 2 for a flat map f : G -+ E” and an edge e of G. Therefore 
we have dim(G) 6 #(V(G)) - 1 + 2#(E(G)). 
The main purpose of this paper is a characterization of flat maps for a certain graph G. As a 
consequence we decide the curvature dimension of such G. The first example is a trivial one. 
Theorem 1.6. Let I be a graph that is homeomorphic to a closed interval. A polygonal map 
f : I -+ E” is JEat if and only if f maps I homeomorphically onto a line segment. Therefore, 
dim(Z) = 1. 
The next example is a piecewise linear version of the generalized Fenchel theorem [3,1.6]. 
Theorem 1.7. Let C be a graph that is homeomorphic to a circle. A polygonal map ,f : C + E’ 
isflat if and only if the following (1) or (2) holds: 
(1) There is a plane P c E” such that f maps C homeomorphically onto a convex polygon 
on P. 
(2) There is a line L c E” such that f(C) c L and the map ,f : C -+ L has just two critical 
points (maximum and minimum). 
Therefore, dim(G) = 2. 
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We prepare some terminology for further examples. Let G be a finite graph. Let U be a subset 
of V(G). Let Eu c E(G) be the set of edges with both end points (possibly they coincide) in U. 
Then G[U] denotes the subgraph of G whose set of vertices equals U and set of edges equals 
Eu. For a subset D c E(G), G - D denotes the subgraph of G with V (G - D) = V(G) and 
E(G - D) = E(G) - D. 
Let X be a set of 2m elements. A pairing of X is a partition of X into m mutually disjoint 
subsets each of which has two elements. Such a subset is called a pair. 
Let KI,, be the complete bipartite graph on vertices ~1, 2~2, . . . , WI and ul, 212, . . . , v, . 
Theorem 1.8. A polygonal map f : KI,~,,, -+ E” is flat if and only if there is a pairing of the 
vertices {vl, ~9, . . . , ~2~) such thatthe restriction f I~~~w,,u,,uj)~ : G[{w~, vi, vj}] -+ En isaJEat 
map for each pair {vi, Vj}. Therefore, dim(Kt.2,) = m. 
Lemma 1.9. Let f : KI,~~+I + E 2 be a polygonal map that maps each edge of K 1 ,zm+ 1homeo- 
morphically onto a line segment. Suppose that f does not map G[ ( w 1, vi, vj }] homeomorphically 
onto a line segmentfor any 1 < i < j < 2m + 1. Let Li be the line that contains f (WI) f (vi) 
fori E {1,2,... ,2m + l}. Then the following (1) and (2) are equivalent: 
(1) f is&t, 
(2) f is injective and for each i E { 1,2, . . . , 2m + l}, the components of E2 - Li have the 
same number of the images of the vertices of K1 ,zm+l. 
Theorem 1.10. A polygonal map f : K1,zm+, + E” is flat if and only if there is a (possibly 
empty)subsetXc {vl,vz,..., v~,,,+I } of even elements and a pairing of X and a plane P c E” 
such that the restriction f Ic[(~, ,ui,uj~l : G[{w~, vi, vj}] -+ E” isaJEatmapforeachpair{vi, vi} 
of X and f (G[V(G) - X]) c P and the restriction f ]a[v(o)_x] : G[V(G) - X] + P is aflat 
map. Therefore, dim(Kt,2m+t) = m + 1. 
Let G be a graph and v a vertex of G. Then we denote the set of the vertices of G adjacent o 
v by adj (v , G). If G has no loops and multiple edges incident to v then #(adj (v, G)) equals the 
degree of v in G. Let f : G -+ E” be a polygonal map, G’ a subdivision of G that is linear with 
respect o f and v a vertex of G’. If the subdivision G’ is sufficiently fine then G’[adj (v, G’) U {v}] 
is isomorphic to Kl,, where m = #(adj(v, G’)). Then we say that f is locally JEat at v if the 
restriction f IG’[adj(v,G’)U(vJ] : G’[adj(v, G’) U {v}] -+ E” is a flat map. 
Let 0, be the graph on two vertices vt and 212 and m(a 3) edges et, e2, . . . , e, joining them. 
Theorem 1.11. A polygonal map f : 02,,,+, -+ E” isJEat if and only if f satisfies the following 
conditions: 
(1) Foreachi E {1,2, . . . . 2m+l), fle, isone of type AI, type A2, type A3, type Bl or type B2; 
(2) there is an edge ej of %2m+l such that f maps ej homeomorphically onto a line segment 
f(v1>f(v2>; 
(3) fl Q~+,_(~~) is 1ocallyJlat at VI and ~2. 
Therefore, dim(&,+r) = m + 1. 
Theorem 1.12. Let f : t12, + En be a polygonal map and e&,, a subdivision of 64, that is 
linear with respect o f. Then f isflat ifand only ifthe following (I) or (II) holds. 
(I) f(vl) = f(vz), f le, istypeA2foreachi E {1,2,. . . , 2m} and f is ZocallyJlat at v1 and 1)~. 
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(11) f(t11) # f(ud, f/z e restriction f le, is one of type Al, type A2, type A3 or type Bl for each 
i E (1,2,..., 2m}, f satisfies one of the following (l)-(3), and f satisfies one qf the 
Jtillowing (4)-(6). 
( I ) f is locally Jar at u I ; 
t 3) there is a vertex x E adj(ul , O;,,) such that the vector f(x) - ,f (~1) is a positive scalar 
multiple off(uz) - f(ul) and the restriction qf f to I%,,, [adj(u,, 84b,) U (1~1 } - (x)] is 
a flat map; 
(3) there is a plane P > f(ul)f(uyj with the,followingproperties: 
(a) let .fp be the restriction off to &,,,[_f-‘(P) n (adj(u1, G,,,) U {II,})], then 
#Ii I u, E adj(vl, e;,,,> n fp’(P). f(u;> ~1 > 01 
-#{i I v; E adj(ul, 19;,,,) n _F’(P), .f(u,) . 11 c 0) 
equalsOor2forallu E S”-I--Ai,,withf(ul)+u E Pandu.(J’(w)-_f(u,)) > 0; 
(b) the restriction of.f to @,,,[(adj(u~, %,,,) - j-‘(P)) U (ul}] is aflat map; 
(4) f is 1ocallyJlnt at ul; 
(5) there is a vertex y E adj(u?, &,,) such that the vector f(y) - f (212) is a positive scalar 
multiple off (~1) - f (~2) and the restriction qf f to @,,,[adj(u?, Oi,,,) U {II:) - (JI}] is 
a flat map; -._._____- 
(6) there is a plane Q > f (111) f (212) with the following properties: 
Cc) let fu be the restriction off to Q;,,,[.f' -l(Q) n (adj(u1, Hilli) U {u2))]. then 
#Ii I u; E adj(w, &,,,I f’ f-‘(Q). f (u,) II > 0) 
- #(i 1 vi E adj(vz, Oi,,,) f? j-‘(Q). f (11;) LI -C 0) 
equalsOor2forallu E Y-‘-At, Mithf(uz)+u E Qandu.(f (uI)-,f(uz)) > 0; 
(d) the restriction off to 19i,,,[(adj(u:, Hi,,,) - ,fP’(Q)) U {LIZ}] is a,flat map. 
Therqfi~re, dim(C)2,71) = m + 1. 
Let C,,, be a graph on m(> 4) vertices that is homeomorphic to a circle. Let w be a vertex not 
on C,,, Let IV,,, be the graph obtained from C,,, U {w 1 by joining w and each vertex of C,,, by an 
edge. We consider C,,, as a subgraph of W ,,,. 
Theorem 1.13. A polygonal map f : W,,, + E” is Jlat if and only if the following ( 1) or (2) 
holds : 
(1) ,f is aflat map and dim(f) = 1. 
(2) There is a plane P c E” such that f (W,,,) c P, ,f is locall.yjlat at w, ,f nzaps each 
edge incident to w homeomorphically onto a line segment, f maps C,,, homeomorphically onto 
a (‘onvex polygon, and the restriction f 1 c,,, is 1ocall.y Jat at each vertex elf C,,,. Then f (~1) is 
contained in the convex hull off (C,,,). If f (w) E f (C,,,) then f is not injective. Moreob,er if m is 
e\‘en then f (V( W,,,)) is contained in a line segment off (C,,,). If m is odd then f (V(W,,,)) with 
at most one exception is contained in a line segment off (C,,,). [f f (w) is not in ,f (C,,,) then ,f 
is injective. 
Therefore, dim( W,,,) = 2. 
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We will show some other examples of flat maps in Section 7. 
In Section 8 we consider polygonal embeddings f : G + E3. Let [f] be the piecewise linear 
ambient isotopy class of f. Then the total curvature of [f] is defined by t*([f]) = inf{t(f’) 1 
f’ E [f]}. Let p : E3 + E1 be the projection with respect to the third coordinate. Then the 
curvature index of [f ] is defined by 
~*([f]) = min{t(p o f’)/n 1 f’ E [f], p o f’ : G + E’ is a polygonal map}. 
Then the following is a natural generalization of Milnor’s result on total curvature of knots: 
[6, Theorem 4.71, see also [2]. 
Theorem 1.14. For any polygonal embedding f : G += E3, t*([f]) = n~*([f]). 
2. Proof of Theorem 1.1 
The following proof is essentially the same as that of [6, Theorem 3.11. 
Proof of Theorem 1.1. Let G’ be a subdivision of G that is linear with respect o f. Let ei and 
ej be adjacent edges of G’. Let aei = {v, u’) and aej = {u’, u”}. We set 
fW - f(u) fW - fW 
s = IIf w - f(u)ll and s’ = II f (0 - .m’> II . 
Then s and s’ are unit vectors and the angle of them equals a(f, ei , ej). Let S,f-’ (resp. S:-*) 
c S”-’ be the set of unit vectors that is orthogonal to s (resp. s’). Let U = {u E S”-’ ( 
(u . s)(u . s’) < 0} and T = {u E S’-’ ] (u . s)(u . s’) > O}. Then S”-’ - (S,“-* U S:-‘) is a 
disjoint union of U and T. Then we have 
vol(U) 2o(f, ei, ej> 
vol(S”-‘) = 2n * 
For u E S”-’ - Af the curvature of pU o f at (ei, ej) equals x (resp. 0) if and only if u E U 
(resp. u E T). Therefore 
1 
s 
a(~~~f,ei,ej)du=n 
vol( U) 
vol(Y’) P-Af vol(S”_‘) 
= cf(.f, ei, ej). 
Since r(f) = c a(f, ei, ej) and t(pU o f) = C a(pN o f, ei, ej) we have the result. 0 
Proof of Corollary 1.5. By Lemma 1.4 there is a plane or a line that contains f(e). Suppose that 
fle is none of type Al, type A2, type A3, type Bl and type B2. Then it is not hard to decrease 
the total curvature by a modification of f on e away from a small neighbourhood of ae. This 
contradicts to the fact that f is a flat map. q 
We remark here that Theorem 1.7 follows immediately from Corollary 1.5. 
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3. Flat maps to E’ 
Thanks to Proposition 1.3 the characterization of the flat maps of a graph G to E” follows from 
the characterization of the flat maps of G to E' . Therefore we study the properties of flat maps to 
E ’ in this section. 
Let f : G -+ E’ be a polygonal map, G’ a subdivision of G that is linear with respect 
to f and u a vertex of G’. Let adj(v, G’, f, +) = {v’ E adj(v, G’) 1 f(d) > f(u)) and 
adj(u, G’, f, -) = {II’ E adj(u, G’) 1 f(d) -c f(u)}. 
Lemma 3.1. Suppose that f is aflat map. Then 
I#(=!j(u, G’, f, +)) - #(adj(u, G’, f, -))I 6 2. 
Proof. Suppose that #(adj(u, G’, f, +)) = k and #(adj(u, G’, f, -)) = 1. Then the sum of the 
curvatures of f at u equals 
Let f’ be a polygonal map that is obtained from f by a local change indicated in Fig. 3.1. Then 
the sum of the curvatures of f’ near TV equals 
Then we have 
W - 1) + l(l-1) ___- (k-l)(k-2) (I+1)1 1 
2 2 2 2 
=k-1-2. 
Therefore if k - I 3 3 then t (f’) -C t(f). This is a contradiction. The case that 1 - k 3 3 i!; 
similar. 0 
k 
* E’ 
Figure 3.1 
35 . . . . 
f' I * 
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Lemma 3.2. For any polygonal map f : G + E’ and E > 0 there is a polygonal map 
f’ : G -+ E’ such that t(f’) = r(f), If(x) - f’(x)] < I for all x E G, and f’/“(a) is 
injective. 
Proof. Let G’ be a subdivision of G that is linear with respect o f and u a vertex of G. We can 
move f(v) by a slight modification fixing G’[ V (G’) - {u}]. Repeating this modification we have 
the result. 0 
Theorem 3.3. There is an algorithm that decides the curvature index of a graph G. 
Proof. By Lemma 3.2 it is sufficient to consider polygonal maps f : G + E’ with flvco, 
injective. There are (#(V(G))) ! total orderings of V(G). For each total ordering of V(G), we 
choose an injection f : V(G) + E1 that realizes the ordering. For each edge e of G, we choose 
one of type A 1, type A2 and type A3 and extend f to e by a map that realizes its type. We note that 
type A2 have essentially two ways of realization. Thus we have (#(V(G))) ! . 4#(E(G)) polygonal 
maps from G to E’ . It is clear that at least one of them is a flat map. Therefore we can decide 
the curvature index K(G) by computing the total curvatures of (#(V(G))) ! . 4#(E(G)) polygonal 
maps. 0 
Example 3.4. Let K,n be the complete graph on m vertices ul , 212, . . . , u, . By the symmetry of 
K, the ordering of K, is essentially unique. We first consider a polygonal map fo : K, -+ E’ 
that maps each edge of K, homeomorphically onto a line segment. We may suppose without loss 
of generality that fo(vt) < fo(u2) < ... c fa(u,,). Then by the proof of Theorem 3.3 there is 
a flat map f : K, + E ’ that is obtained from fa by local changes illustrated in Fig. 3.1. We 
consider how many times such change is required. 
Case 1: m = 21 for some integer 1 > 0. We note that the degree is 21 - 1 for each vertex of 
KZI. Therefore by Lemma 3.1 we need (I(21 - i) - (i - 1)l - 1)/2 local changes near Ui. Then 
the sum is 
*’ I(21 - i) - (i - 1)l - 1 ’ 
c 2 
=2c 
(21 - i) - (i - 1) - 1 
i=l i=l 
2 
= fJ21 - 2i) 
i=l 
= l(1 - 1). 
Thus we need I(1 - 1) changes. More changes increase the total curvature. Therefore we have 
K(Kzt) = z(f)/7c = l(1 - 1) + 21 ((;)+(‘1’))=21’-31’tl. 
Case 2: m = 21 + 1 for some integer 1 > 0. By a similar argument we have ~(Kzl+t) = 2Z3. 
Example 3.5. Let 0 be the regular octahedron graph. We note that 0 is obtained from K6 by 
deleting three mutually disjoint edges. Let fo : Kc -+ E’ be a map of Example 3.4, i.e., fa maps 
each edge of K6 homeomorphically onto a line segment and fa(vl ) < fa( ~2) < . . . < fo (~6). 
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We can obtain a flat map from fe by deleting three disjoint edges and performing local changes 
of Fig. 3.1. It is neccessary to delete three edges from K6 so that 
2 I#{j 1 j > i, vj E adj(vi, O)} -#{j 1 j < i, vj E adj(v;, O)}l 
i=l 
is minimal among all deletions. Then for example the deletion of ei.6, e2.5 and es.4 satisfies above 
claim where ei,j is the edge joining ui and uj. Then we need a local change near VI and a local 
changenearvh.ThuswehaveK(O) = (3+3+2+2+3+3)+2= 18. 0 
Let f : G --+ El be a polygonal map, G’ a subdivision of G that is linear with respect 
to f. A local maximum (resp. local minimum) of f is a vertex v of G’ of degree two with 
adj(v, G’, f, +) = 0 (resp. adj(v, G’, f, -) = 0). A vertex v of G’ is called a maximum (resp. 
minimum) off if f(v) 3 f(v’) (resp. f(v) < f(v’)) for any vertex v’ of G’. 
Lemma 3.6. Let G be a connected graph without vertices of degree less than two. Let f : G -+ 
E ’ be a flat map. Then a maximum off is a local maximum off and a minimum off is a local’ 
minimum off. 
Proof. By Lemma 3.1 a vertex of G of degree greater than two cannot be a maximum of f nor 
a minimum of .f. Therefore we have the result. 0 
Lemma 3.7. Let v and v’ be distinct vertices of a graph G. Let e be an edge of G joining v and 
21’. Let f : G + E’ be aflat map with f(v) = f (v’). Then the restriction f le is type A2. 
Proof. It is sufficient to show that f le is not type A3. Suppose that f Ir is type A3. By Lemma 
3.2 we have a flat map f' (resp. f “) by a slight deformation of f such that f’(v) -c f ‘(v’) (resp. 
f”(v) > f “(v’)). Then one of f ‘le and f”Ir is none of type Al, type A2 and type A3. This 
contradicts to Corollary 1 S. 0 
4. Proofs of Theorem 1.8 and Theorem 1.10 
Lemma 4.1. (1) A polygonal map f : K1,zrn + E’ is JEat if and only if f maps each edge of 
K I J,,, homeomorphically onto a line segment and 
4i I f (vi) > f (WI)} = #ii I f (Vi> < f (J&)1 = m. 
(2) A polygonal map f : K1,2,,,+, + E’ isflat ifand only if f maps each edge of K1,2nl+l 
homeomorphically onto a line segment and 
#{i I f (vi) > f(w)} = 4i I f (vi) < f (WI)} f 1. 
Proof. It is clear that a flat map from a forest (a disjoint union of trees) to E” maps each edge 
homeomorphically onto a line segment. Then the result follows from an argument similar to that 
in the proof of Lemma 3.1. Cl 
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Lemma 4.2. Let f : K1,, + E” be a polygonal map, Suppose that there are vertices vi and 
Vj such that f maps G[{ ~1, Vi, Vj}] homeomorphically onto a line segment, i.e., the restriction 
fhww,ll : G[{ w 1, Vi, Vj}] + E” is a flat map. Then f is jIat if and only if the restriction 
fh’(Ww,H : G[V(G) - {Vi, Vj}] + En isjat. 
Proof. By Proposition 1.3 we have that f is flat if and only if pU o f : Kl,, + E’ is flat for all 
ZJ E S”-’ - Af. It is clear that 
(Pu O ftvi) - Pu O f(wl>>(Pu O f(vj) - PU O f(Wl)) < 0 
for all u E Sn-’ - Af. Therefore by Lemma 4.1 we have that pU o f is flat if and only if 
PU 0 ~IGw(G)-~~~,u,II is flat. Again by Proposition 1.3 we have that flotvC~j-tv,,v,)l is flat if and 
only if Pu o flG[V(G)-(v,,v,)l is flat for all u E S”-’ - A,. This completes the proof. 0 
We consider K~,,,J as a subgraph of K,,, when m’ 6 m. 
Lemma 4.3. Let f : K1,, -+ E” be a polygonal map with the following properties. 
(1) f (w,) is the origin of E”, 
(2) f maps each edge of K,,, homeomorphically onto a line segment, 
(3) there is a subspace A of E” such that f-l (A) = Kl,t where 0 < 1 < m. 
Let fl = f IK,,,. Suppose that there is a unit vector u E (S-l II A) - Af, such that 
#{i I 1 < i < 1, fi(Vi) * u > 0} -#{i I 1 < i 6 1, fi(Ui). u < 0) = k > 0. 
Then there is a unit vector u’ E S”-’ - Af such that 
#{i I 1 < i 6 m, f (Vi) .U’ > 0) - #{i I 1 < i < m, f(vi) . U’ < 0) > k + n. 
Here n = 0 when m - 1 is even, and n = 1 when m - 1 is odd. 
Proof. Let B be the orthogonal complement of A in E”. We set f2 = f I ~I.~[(v(~l,,)-v(~I,/))~~~lll~ 
Let ug E (F-l fl B) -Af*. By taking -ug if neccessary, we may suppose without loss of generality 
that 
#{i I 1 < i < m, f (Vi) . Ug > 0) - #{i ) 1 < i 6 m, f (Vi) . Ug < 0} 3 fl. 
Let E > 0 be a sufficiently small number. Then u’ = (EU + ua)/llsu + ug II satisfies the claim. 
0 
Proof of Theorem 1.8. The ‘if’ part follows from Lemma 4.2. We show the ‘only if’ part. By 
Lemma 4.2 it is sufficient to show that f is not flat when f ]G[(w,,v,,v,)j is not a flat map for 
any vi and Vj. We may further suppose that f (w 1) is the origin of E” and f maps each edge 
homeomorphically onto a line segment. Let A be the l-dimensional subspace of E” containing 
f(vl>. If f(vi> E A then f(vl) *f(vi) s- 0. Therefore by Lemma 4.3 there is a unit vector 
u’ E S”-’ - Af corresponding to u = f (vl)/]] f (q)]] such that 
#{i I 1 6 i < 2m, f (Vi) . U’ > 0} - #{i I 1 < i < 2m, f (Vi) * 24’ < 0} 3 2. 
Thus put o f is not flat and f is not flat by Proposition 1.3. 0 
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Proof of Lemma 1.9. The proof follows easily from Proposition 1.3 and Lemma 4.1. 0 
Lemma 4.4. Let PI and P2 be planes in E3 such that L = PI n P2 is a line through the origin 
of‘ E3. Let pi : E” + P; be the orthogonal projection for i = 1, 2. Let ug be a unit vector 
on L. Let u, and u2 be unit vectors on PI and P2 respectively. Suppose that tag . u I > 0 and 
utI . uz > 0. Then there is a unit vector W(UI, ~2) and numbers 0 -C al < 1, 0 < a: < 1 such 
thatcpj(w(ul,uz)) =a;u;fori = 1,2. 
Proof. For i = 1, 2, let Ci 3 ui be the great circle on the unit sphere S’ that is perpendicular to 
P.. Then Cl and CZ intersects at two points. 
From the assumption we have that they are not orthogonal to L. Let w(ut , ~2) be one of them 
with W(UI , ~2) . ug > 0. Then we have the result. q 
Proof of Theorem 1.10. By Lemma 4.2 it is sufficent to show that if f : K1,2m+l -+ E” is a 
flat map and does not map G[{uJ~ , IJ~, Vi}] homeomorphically onto a line segment for any i and 
j. then there is a plane P that contains f(K ,,I~+,). We may suppose that f maps each edge 
homeomorphically onto a line segment and f(wr ) is the origin of E”. Then by Lemma 4.3 we 
have that f is injective. Suppose that dim(f) > 3. We may suppose without loss of generality that 
there is a 3dimensional subspace A3 of E” and 3 < 1 6 2m + 1 such that f(vi) E A3 if and only 
it’ i 6 1. Moreover we may suppose that there are 2-dimensional subspaces PI, P2, . . . , PA of A” 
with a 1 -dimensional subspace L as there common intersection and 1 < i 1 -=z i2 < . . . < ik = ,! 
such that f(vl) E L and for 2 < i 6 E, f(uj) E Pj if and only if ij_1 < i < ij where io = 1. 
We have by Lemma 4.3 that the restriction of f to the subgraph f-‘(Pj), denoted by fj, is flat 
for all j. Then we have that the number of the vertices of f-‘( Pj) is even for all j. It is easy to 
choose a unit vector ul E (Y’ n PI) - Af, such that f(vl) . UI < 0 and 
#{i ( 1 < i < iI, f(v;) . ul > 0) - #{i / 1 < i 6 iI, f(Vi) . Ut < 0) = 1 
Similarly we can choose a unit vector u2 E (S+’ fl Pz) - Ajz such that f(vt) . u? -K 0 and 
#{i 1 il < i < i2, f(IIi) . u2 > 0} - #{i 1 il < i < iz, f(uj) . U2 < 0) = 2. 
Let o(u ,, u2) be the unit vector in Lemma 4.4. Let W’(U 1, ~2) E Snp’ n A3 be a unit vetor that is 
sufficiently close to w(u 1, ~2) and not in Af, for any j. Then f(ul) . O’(U 1, up) < 0. Therefore 
for 3 < j < k we have that 
#{i 1 i,_l < i < ij, f(Ui) *W’(U~, U2) > 0) 
-#{i ( ii-1 < i 6 ij, f(Ui) . W’(Ul, U2) < 0) 
equals 0 or 2. Thus we have 
#{i 1 1 < i < E, f(ui) * w’(ur, 2.~) > 0) 
-#(i 1 1 < i 6 1, f(Ui) . W’(UI, U2) < 0) 
3 3. 
Then by Lemma 4.3, Lemma 4.1 and Proposition 1.3 we have that f is not a flat map. This is a 
contradiction. 0 
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It is easy to see the following results. 
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Proposition 4.5. Let G be a graph that is a disjoint union of two graphs G1 and G2. Then a 
polygonal map f : G + E” isflat ifand only ifboth f IG, and f (02 arejlat. 
Corollary 4.6. Let G be a graph that is a disjoint union of two graphs G1 and Gz. Then 
dim(G) = dim(G1) + dim(G2) + 1. 
Proposition 4.7. Let G be a graph. Let G1 and G2 be subgraphs of G such that G = G1 U G2, 
the intersection G1 fl G2 is a vertex v of G, and the degree of v in Gi is one for i = 1,2. Then a 
polygonal map f : G + E” isJlat if and only if both f 1 G, and f Ioz areflat and the curvature 
off at v is zero. 
Corollary 4.8. Let G be a graph. Let G1 and G2 be subgraphs of G such that G = G1 U Gz, 
the intersection G1 II G2 is a vertex v of G, and the degree of v in Gi is one for i = 1, 2. Then 
dim(G) = dim(Gl) + dim(G2) - 1. 
We remark here that above propositions together with Theorem 1.8 and Theorem 1.10 charac- 
terize the flat maps from a forest to En and decide the curvature dimension of it. 
5. Proofs of Theorem 1.11 and Theorem 1.12 
Lemma 5.1. Let f : 02m+l + E’ be afIat map. Then f (vl) # f (vz). 
Proof. Suppose that f(q) = f (vz). Then from Lemma 3.7 and Lemma 3.1 we have that 
t(f)/n = 2m + 1 + 2 @+2(“?)* 
But we will see in the next lemma that 
Therefore we have the result. 0 
Lemma 5.2. Let f : tbm+l -+ E’ be aflat map with f (vl) < f (212). Let Oim+l be a subdivision 
of 6$2m+l that is linear with respect to f. Then 
#(adj(vl, @irn+,, f, +)) = #(adj(v2, @k.m+l, f, -)) = m + 1 
and 
#(adj(vl, ~~;m+lY f, -)) = #(adj(v2, Q~,,,, f, +)) = m 
and f has m local maxima and m local minima. Therefore 
t(f )/n = K(&~+I) = 2m + 2 (;)+2(,F)* 
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Proof. It is clear that f has at least #(adj(u,, 19;,+, , f, -)) local minima and 
#(adj(vl, e;,,,, . f, +)) local maxima. Then by Lemma 3.1 we have the result. 0 
As an immediate corollary we have: 
Lemma 5.3. Let f : &,,+I + E’ be aflat map. Then there is an edge of 02m+l such that f maps 
it homeomorphically onto a line segment. 
Proof of Theorem 1.11. The ‘if’ part follows from Proposition 1.3 and Lemma 5.2, or from the 
direct calculation of the total curvature. We will show the ‘only if’ part. Let f : &,+I -+ E” 
he a flat map and Q;,~l+, a subdivision of 6&+, that is linear with respect o f. We may suppose 
\vithout loss of generality that f(vl ) is the origin of E”. Suppose that f(vl) = f(vz). Then by 
Proposition 1.3 and Lemma 5.1 f is not flat. Therefore we have f(vl) # f(q). By Corollary 1.S 
ace have that f Ic, is one of type Al, type A2, type A3, type Bl and type B2 for 1 6 i < 2m + 1. 
I,et L be the 1 -dimensional subspace of E” that contains f (~2). Suppose that f maps no edge ~__ 
homeomorphically onto the line segment f(vl )f(uz). Let u be a unit vector that is orthogonal 
lo L. Let U’ be a unit vector in S”-’ - I\f. that is sufficiently close to U. Then we have that 
/J,,, o f : 0~,,1+1 + E’ maps no edge of 8 2,n+l homeomorphically onto a line segment. Therefore 
/J(,J o f’ is not flat by Lemma 5.3. Then by Proposition 1.3 f is not flat. Thus we may suppose 
Mithout loss of generality that f maps el homeomorphically onto the line segment f (u, ) f (q). 
Next suppose that the restriction f’ = f IHz,,,+, +, 1 is not locally flat at ~1. Then by Proposition I .3 
and Lemma 4.1 we have a unit vector u E S”-’ - AS such that 
I#(adj(ul, &,,,+, - {el I, pL1 0 f’, +I) - #(adj(ul, Q;,?,+, - {el), pU 0 f’, -))I 3 2. 
We may suppose without loss of generality that u . ,f(vz) > 0. Then we have 
#(adj(ul, @,,,+,, Pi, 0 f, +)) - #(adj(uI, Qi,,l+l, pu 0 f, -)) 3 3 
#(adj(ul, oi,+,, pu 0 f, +)) - #(adj(ul, ~~;m+l, pu 0 f, -)) < -1. 
But then pi1 o ,f is not flat by Lemma 5.2. Thus we have that f’ is locally flat at ~1, and similarly at 
1’:. Therefore it follows that dim(f) < m + 1. Thus we have the final claim dim(&,+ I ) = m + 1. 
I- ~1 
Lemma 5.4. Let f : &im -+ E’ be a polygonal map with f (u]) = f (uz). Then f isflat if and 
only fthe restriction f Ir, is type A2 for each i E { 1, 2, . . . , 2m} and f has m local maxima and 
m local minima. 
Proof. Suppose that f is flat. Then the former claim follows from Lemma 3.7. By considering 
the sum of the curvatures off at u1 and u2 we have the latter claim. We will see in the next lemma 
that 
K(&,) = 2m f4 ; . 
0 
Then the ‘if’ part follows. 0 
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Lemma55 Let f : 02, + E’beapolygonalmapwith f (VI) -C f (~2). Let6$, beasubdivision 
of 02, that is linear with respect o f. Then f isjat if and only if one of the following (1) and (2), 
and one of the following (3) and (4) hold. 
(1) f has m local maxima and 
#(adj(v2, Qiim, f, +)) = #(adj(w, O;,, f, -)) = m, 
(2) f has m - 1 local maxima and 
#(adj(u2, &,, f, +)) = #(adj(v2,6$,,, f, -)) - 2 = m - 1, 
(3) f has m local minima and 
#(adj(vl, tJ%,, f, -)) = #(adj(vr, Q;,, f, +)) = m, 
(4) ,f has m - 1 local minima and 
#(adj(vl, @i,, f, -)) = #(adj(vr, t!9;,, f, +)) - 2 = m - 1. 
Therefore 
K(&J=2m+4 y . 
0 
Proof. The proof is similar to that of Lemma 5.2. We note that 
m+2 
m 0 2 =m-1+(mi1)+(m21). 0 
Proof of Theorem 1.12. The ‘if’ part follows from Proposition 1.3, Lemma 5.4 and Lemma 5.5. 
We show the ‘only if’ part. 
First suppose that f is a flat map with f (v,) = f (v2), If f le, is not type A2 for some 
i E {l, 2,. . . ,2m} then there is a unit vector u E S”-’ - hf such that pu o f le, is not type A2. 
This contradicts to Lemma 5.4. Thus we have that f let is type A2 for each i E { 1,2, . . . , 2m). 
Suppose that f is not locally flat at vr (hence not locally flat at v2, too). Then there is a unit vector 
u E S”-’ - Af such that pL1 o f is not locally flat at vl, But then pu o f does not have just m 
local maxima. This contradicts to Lemma 5.4. Thus we have that f is locally flat at vr and ~2. 
Next suppose that f is a flat map with f (VI) # f (v2). We may suppose without loss of 
generality that f (v,) is the origin of E”. Let t.ui be the vertex in adj(vi, 13;~) fl ei for i E 
{1,2,..., 2m). Let L be the l-dimensional subspace of E” spanned by f (212). By renumbering the 
edgesof02mwemaysupposethatf-1(L)nadj(v1,8;,) ={z.ul,w2,..., wl}whereO<l 62m. 
Let A be the orthogonal complement of L. Let fi = f 18;,[adj(U,,e;m)“(v,)l. Let u1 E S-r n L with 
~1 . f (vz) < 0 and u2 E S”-’ n A with ~2 . f (Wi) # 0 for i > 1. Suppose that 
#{i I 1 < i < 1, f (Wi) . f (V2) < 0) > #{i I 1 6 i < 1, f (Wi) - f (212) > 0). 
Let E > 0 be a sufficiently small number. Let ug (resp. uq) be a unit vector in S”-’ - Af that is 
sufficiently close to u2 + .sur (resp. -2~ + EUI). Then we have that at least one of pu, o f and 
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p,,, o ,f does not satisfy the condition of Lemma 5.5. Thus we have 
#{i 1 1 6 i < 1, f(Wi) . f(Q) < 0) < #{i 1 1 6 i < 1, f(Wi) . f(tJ~) > 0). 
Suppose that #{i ( 1 < i < 1, f(wi) . f(uz) > 0) > 0. We may suppose without loss of 
generality that f(wr> . f(u2) > 0. Suppose that f2 = flHi,~,(adj(o,,Hi,,,)-(u’,J)“,v,), is not a flat map. 
Then by Proposition 1.3 and Lemma 4.1 (2) we have a unit vector us E S”-’ - A fz such that 
I#{i I 2 < i 6 2m, pus 0 f(Wi) > 0} -#{i ) 2 6 i < 2m. pL1 0 f(Wi) < O)l 3 3. 
Let ZQ, E S+’ - Af that is sufficiently close to US. Then we have that pUo o f does not satisfy 
the condition of Lemma 5.5. Thus we have that f2 is flat. 
Suppose that #(i I 1 < i 6 1, f(wi) . f(ul) > 0) = 0. Then we have 1 = 0. Let Pi be the 
2-dimensional subspace of E” that contains L and f (tUi> for i E { 1,2, . . . ,2m}. Let Oi be the 
unit vector on Pi with 0; . f(u2) = 0 and Oi . f (Uli) > 0. We claim that there is a pairing of 
(1,2,..., 2m} such that o; = -Oj for each pair {i, j}. If not, then, using the previous technique 
we can choose a unit vector u E S”-’ - hf. that is nearly orthogonal to L such that pL, o f 
does not satisfy the condition of Lemma 5.5. Suppose that there is a plane P > L such that the 
resti-&ion fP = flsb,~[.~-‘(P)n(adj[,,,H;“,)U[~‘,))] isnotflat. Weremarkthat#(f-‘(P)fladj(ur. HA,,)) 
is even by the above claim. Then there is a unit vector u E (F’ fl P) - A,f, such that pL, o ,fp 
is not flat. Taking a unit vector near u if neccessary. we may suppose that u . f(u2) # 0. Then 
taking --u if neccessary, we may suppose that u f(u2) > 0. Suppose that 
#{i I f(Ul;) E P, f(tUi) . U > 0) - #(i I f(W;) E P, f(Uli) . U < 0) 6 -2. 
Then as in the proof of Lemma 4.3 we have a unit vector U’ E S”- ’ - AJ. that is nearly orthogonal 
to P such that pU, o f does not satisfy the condition of Lemma 5.5. Therefore we have that 
If 
#Ii I f(wi> E P, f(wi> . U > O} -#{i j f(w;) E P, f(ulj). u < 0) > 2. 
#{i I f(w;) E P, f(w). u > 0) -#{i I f(w;) E P, f(w;) . u < 0} 3 4 
then, by a similar argument, we have that f is not flat. Therefore we have that 
#Ii I f(wi> E P, f(wi> . U > 0) -#{i I f(UJj) E P, f(tUi) . U < 0) = 2. 
Suppose that there is another plane P’ with the same property as P. Then using Lemma 4.4 we 
can show that f is not flat. Then the same argument on 212 completes the proof. 0 
6. Proof of Theorem 1.13 
Letul,u2,..., u,, be the vertices of C, in a cyclic order. Let ei be the edge of C,,, joining u; 
andui+, fori E {1,2,..., m) where m + 1 = 1. Let d; be the edge of W, joining u; and w for 
i E{1,2 ,.... m}. 
Lemma 6.1. A polygonal map f : W,,, + E’ isflat if and only if f is locally$at at each vertex 
c?f W,,, and has just one local maximum and just one local minimum. 
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Proof. By Lemma 3.6 we have 
Therefore the ‘if’ part follows. It is clear that there is a polygonal map g : W, + E’ with 
t(g)/rt = m + fc(Kl,J + 2. 
Therefore we have 
KW,) = m + K(K~,,) + 2. 
Therefore a flat map f : W, + E’ can have only one local maximum and one local minimum, 
and must be locally flat at each vertex of W, . Therefore the ‘only if’ part follows. 0 
Lemma 6.2. Let f : W, + E” be a Jrat map. Then the restriction f Ic,, is jlat and f(w) is 
contained in the convex hull off (C,). 
Proof. Suppose that f Ic,n is not flat. Then there is a unit vector u E S”-’ - A, such that 
pu o f Ic, is not flat. Then the number of local maxima and local minima of pu o f I,-,, is greater 
than or equal to four. Then it is not hard to see that the number of local maxima and local minima 
of pu o f is greater than or equal to three. This is impossible by Lemma 6.1. Next suppose 
that f(w) is not contained in the convex hull of f (C,). Then there is a unit vector u such that 
p,(f(w)) < p,(f(vi)) fordi E (1, Z..., m}. Let U’ E S”-’ - Af that is suffficiently close 
to U. Then pu, o f is locally flat at w by Proposition 1.3 and Lemma 6.1. Since m 3 4, at least 
two edges of W, incident to w have local minima on them. This contradicts to Lemma 6.1. 0 
Proof of Theorem 1.13. The ‘if’ part is clear. We will show the ‘only if’ part. Let f : W,n + E” 
be a flat map. We may suppose without loss of generality that f(w) is the origin of E”. By 
Lemma 6.2 and Theorem 1.7 we have that dim(f I c,~(,,,)) = dim(f Ic,) < 2. We will show that 
dim(f) = dim(f I c,~(~)). If not then there is an edge di such that f (dj) is not contained in the 
2-dimensional subspace P (or l-dimensional subspace L) that contains f (C, U {w)). Let A be 
the minimal subspace of E” that contains P U f (di) (or L U f (di)). Let u be a unit vector in A 
that is orthogonal to P (or L). By taking --u if neccessary, we may suppose that di has a local 
maximum of pui o f on it when U’ is a unit vector in S”-’ - Af that is sufficiently close to U. 
Lett E F-‘-A flc, such that ui is not a local maximum of pr o f I ,-,, . Let U’ be a unit vector 
in S”-’ - Af that is sufficiently close to u + Et where E > 0 is a sufficiently small number. 
Then we have that pul o f has at least two local maxima. This contradicts to Lemma 6.1. Thus 
we have that dim(f) = dim( f Ic,nu(w)) < 2. If dim(f) = 1 then we have (1) of Theorem 1.13. 
Suppose that dim(f) = 2. Then f (C,) IS a convex polygon on a plane P. By Proposition 1.3 
and Lemma 6.1 f is locally flat at each vertex of W,. Suppose that f does not map some dj 
homeomorphically onto a line segment. Then it is not hard to find u E S”-’ - Af such that pu o f 
has a local minimum on di and a local minimum on some other edge of W,. Thus f maps each 
di homeomorphically onto a line segment. Then the other claims follow immediately. •i 
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7. Other examples of flat maps 
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In this section we show some other examples of flat maps. 
Example 7.1. Let G be the graph of Fig. 7.1. It is easy to see that dim(G) = 1. Therefore if 
f : G + E” is a flat map then f is not an embedding. 
Figure 7.1 
Example 7.2. Let fr : 0 -+ E3 (resp. f2 : 0 -+ E*) be a polygonal embedding of the regular 
octahedron graph such that the image fi (0) (resp. f2( 0)) is illustrated in Fig. 7.2 (1) (resp. (2)). 
By a direct computation we have t(fi) = t(f2) = 18n = no (cf. Example 3.5). Therefore 
fl and f2 are flat maps and dim(O) > 3. 
(1) (2) 
Figure 7.2 
Example 7.3. Figure 7.3 describes two flat maps from K4 to E2. One is an embedding and the 
other is not an embedding (cf. Example 3.4). 
Figure 7.3 
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Example 7.4. Let f : K5 -+ E3 be a polygonal embedding with the following properties. 
(1) f(q) is the origin of E3, 
(2) f(Ui) E S2 for i = 2,3,4,5, 
(3) the tetrahedron with vertices f(~), f(q), f(q), and f( 2r5 contains f(ur) in its interior, ) 
(4) if e is the edge joining ~1 and ui (i = 2,3,4,5) then f(e) = f(ut)f(vi), 
(5) if e is the edge joining ui and Vj (2 < i < j < 5) then f(ui)f(ut) U f(vl)f(uj) U f(e) 
is a convex polygon on a plane and f(e) is tangent o S2 at f(q) and f(vj). 
See Fig. 7.4. Then we have t(f) = 16rr = rr~(K5) (cf. Example 3.4). Therefore f is flat and 
dim(K5) > 3. 
Figure 7.4 
8. Total curvature of knotted graphs 
The proof of Theorem 1.14 is entirely analogous to that of [6, Theorem 4.71 and we omit it. Let 
G be a planar graph. An embedding f : G + E3 is called unknotted if f is ambient isotopic to 
an embedding g : G + E3 with g(G) c E2 c E3 where E2 is the set of points with the third 
coordinate zero. It is shown in [5] that two unknotted embeddings are ambient isotopic. 
Let 8 = f33 be the theta curve graph. Then we have the following results. 
Theorem 8.1. Let f : 8 + E3 be a polygonal embedding. Then f is unknotted if and only if 
K*wl) = K(O) (= 4). 
Proof. By Lemma 5.2 we have K (0) = 4. Therefore we have K* ([f]) 3 4 for any polygonal map 
f : 8 --+ E3. If f is unknotted then clearly ~*([f]) < 4. Therefore the ‘only if’ part follows. 
Suppose that K*([ f 1) = 4. Then f is ambient isotopic to a polygonal embedding g : 0 + E3 
such that p o g : 8 + E’ is a flat map. Then p o g has just one local maximum (resp. local 
minimum) which is the maximum (resp. the minimum) of p o g. Then by an ambient isotopy we 
can deform g to g’ so that the maximum of p o g’ is a vertex of 8 and the minimum of p o g’ is 
another vertex of 8. Then it is easy to see that g’ is unknotted. See Fig. 8.1. Cl 
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Figure 8. I 
Remark 8.2. The ‘if’ part of Theorem 8.1 does not hold if 8 is replaced by 8,) m > 4. Figure 8.2 
describes an embedding of 04 with minimum curvature index. This embedding is not unknotted 
because it contains a knotted cycle. 
Figure 8.2 
Against above remark we have the following proposition as an immediate consequence of 
Theorem 1.11 and Theorem 1.12. 
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Proposition 8.3. A jut embedding of 0, into E3 is unknotted. 
Let f : 13 -+ E3 be an embedding. By the one point compactification we regard E3 as a 
subspace of S3 = E3 U {co}. Let S* c S3 be the equator, BN c S3 the northern hemisphere 
and Bs c S3 the southern hemisphere, i.e., S* = E* U {oo) and BN (resp. Bs) is the one 
point compactification of the upper (resp. lower) half space of E3. Thus S’ = BN U Bs and 
S* = a BN = 8 Bs = BN rl Bs. We say that f is rational if f is ambient isotopic to a polygonal 
embedding g : 8 + E3 such that the pair (BN, BN fl g(O)) ’ h is omeomorphic to the pair of Fig. 
8.3 (1) and the pair (Bs, Bs fl g(8)) ’ h is omeomorphic to the pair of Fig. 8.3 (2). 
(1) (2) 
Figure 8.3 
We note that the rational embeddings of 8 are classified up to ambient isotopy in [4]. The 
rational theta curve is an analogue of the two-bridge knot. The following theorem is an evidence 
of the naturality of the curvature index of spatial graphs as a generalization of the bridge index of 
links. 
Theorem 8.4. Let f : 8 --+ E3 be a polygonal embedding. Then f is rational if and only if 
K*Kfl) G 5. 
Proof. From the definition a rational embedding f : 8 + E3 is ambient isotopic to g : 8 -+ E3 
such that p o g has just one local maximum and two local minima and locally flat at ~11 and u2. 
Therefore ~*([f]) < ~(p o g) = 5. Thus the ‘only if’ part follows. Next we show the ‘if’ part. 
Suppose that a polygonal embedding f : 6’ + E3 satisfies ~(p o f) 6 5. If K(p o f) < 4 then f 
is unknotted by Theorem 8.1. Suppose that K (p o f) = 5. Suppose that p o f is not locally flat at 
a vertex of 8 then by an ambient isotopy near the vertex we have g such that p o g is locally flat at 
the vertex and K (p o g) = K (p o f) - 1 = 4. Then f is unknotted. Thus we may suppose without 
loss of generality that p o f is locally flat at each vertex of 8. Then we have that the nunber of 
local maxima and local minima of p o f is three. We may suppose without loss of generality that 
p o f has just one local maximum that is the maximum of p o f. We may further suppose without 
loss of generality that p o f(q) > p o f (uz). Let P c E3 be a plane that is parallel to E* c E3 
and closely under f (u2). Then it is easy to see that the decomposition of S3 = E3 U {co} by the 
2-sphere P U {co} shows that f is rational. This completes the proof. 0 
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